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We present a new approach for the quantification of quantumness of correlations in fermionic
systems. We study the Multipartite Relative Entropy of Quantumness in such systems, and show
how the symmetries in the states can be used to obtain analytical solutions. Numerical evidences
about the uniqueness of such solutions are also presented. Supported by these results, we show
that the minimization of the Multipartite Relative Entropy of Quantumness, over certain choices
of its modes multipartitions, reduces to the notion of Quantumness of Indistinguishable Particles.
By means of an activation protocol, we characterize the class of states without quantumness of
correlations. As an example, we calculate the dynamics of quantumness of correlations for a purely
dissipative system, whose stationary states exhibit interesting topological non-local correlations.
PACS numbers: 03.67.Mn, 03.65.Aa
I. INTRODUCTION
The understanding of quantum correlations in sys-
tems of indistinguishable particles, especially fermions, is
paramount for the development of materials supporting
the new technologies of Quantum Information and Quan-
tum Computation [1, 2]. The subtle notion of entangle-
ment of indistinguishable particles has been investigated
by many authors back in the 2000’s, with introduction of
diverse seminal ideas like entanglement of modes [3], and
entanglement of particles [4, 5]. Such ideas have been
applied as new tools in the investigation of many-body
system properties [6], including the characterization of
quantum phase transitions [6, 7].
From a mathematical viewpoint, the difficulty of un-
derstanding entanglement of indistinguishable particles
stems from the absence of a tensor product structure in
the Fock space, whereas the concept of entanglement is
based on the non-separability, with respect to the ten-
sor product, of a global state of identifiable subsystems.
Friis et al. [8] and Balachandran et al. [9] have suggested
interesting mathematical approaches to circumvent this
obstacle. Our own efforts in this problem started with
the proposal of entanglement witnesses for systems of
indistinguishable particles [10], followed by appropriate
adaptations of entropy of entanglement and negativity
[11]. More recently, extending the concept of quantum-
ness of correlations [12–15] to the realm of indistinguish-
able particles, we introduced the concept of quantumness
of correlations of indistinguishable particles [16], which
allowed us to devise a measurement procedure (dubbed
an activation protocol) [17, 18] that determines the class
∗Electronic address: debarba@utfpr.edu.br
†Electronic address: fernandoiemini@gmail.com
of states without quantumness of correlations. In this ac-
tivation protocol the quantumness of correlations of the
system manifests itself as the smallest amount of bipar-
tite entanglement created between system and measure-
ment ancilla, during the local measurement protocol.
In order to recover the tensor product structure and
the separability of the subsystems, one may use the iso-
morphism of the Fock space to a Hilbert space of distin-
guishable modes. This approach [3, 4, 19, 20] allows one
to employ all the tools commonly used in distinguish-
able quantum systems for the analysis of the correlation
between the modes of the system. The two notions of
correlation in such systems, namely modes or particle
correlation, follows naturally depending on the particular
situation under scrutiny. For example, the correlations in
eigenstates of a many-body Hamiltonian could be more
naturally described by particle entanglement, whereas
certain quantum information protocols could prompt a
description in terms of entanglement of modes.
As the composed space of modes has a tensor prod-
uct structure, given the modes are distinguishable, and
there exists an isomorphism connecting the Hilbert space
of modes and the Fock space of particles, some questions
naturally arise: What is the relation between a correlated
system of distinguishable modes and the correlations of
indistinguishable particles? Is it possible to character-
ize or quantify the quantum correlations of particles by
means of their mode quantum correlations? Can we char-
acterize the set of uncorrelated states of indistinguishable
particles out of the description of distinguishable modes?
In this work we present a new approach for the quan-
tumness of correlations of indistinguishable particles de-
scribed by the minimization of the modes representation
of the particles system. We show that, in the single par-
ticle partitioning, both notions are equivalent.
This work is organized as follows. In Sec. II, we present
the formalism of Fock space for fermions, and its isomor-
ar
X
iv
:1
61
1.
01
47
3v
1 
 [q
ua
nt-
ph
]  
4 N
ov
 20
16
2phism with the Hilbert space of modes. In Sec. III, we
present the local measurement formalism and introduce
a quantifier of quantumness of correlations based on the
local disturbance. We also present one of the main results
of this work, proving that for quantum states with a given
arbitrary symmetry, optimal local projective measure-
ments - which minimize the local disturbance - are sym-
metric. In Sec. IV, we discuss the connection between
quantumness of correlations of modes and quantumness
of correlations of particles for single particle modes. In
Sec. V, we characterize the set of fermionic states with-
out quantumness of correlations. This results is obtained
from an activation protocol for a system of L modes. In
Sec. VI, we illustrate our results studying the dynamics
of quantumness of correlations of a purely dissipative sys-
tem. In Sec. VII, we analyze, numerically, the quantum-
ness of correlations of more general symmetric quantum
states and their respective local projectors. Conclusions
are presented in Sec. VIII.
II. FORMALISM
The space of quantum states for systems of in-
distinguishable fermions (bosons) is given by the
anti-symmetric (symmetric) Hilbert-Schmidt subspace.
Along all the paper, for simplicity, we will focus our cal-
culations on the fermionic case, despite all results could
be easily translated to the bosonic case. Formally, the
quantum states for a fermionic system with L modes are
in the the Fock space (FL), namely,
FL = |vac〉〈vac|⊕A(HL)⊕A(HL⊗HL)⊕ ...⊕A(HL⊗L),
i.e., the direct sum of anti-symmetric Hilbert spaces
(A(HL⊗N )) with fixedN = 0, 1, ..., L fermions, with |vac〉
being the vacuum state. Recall that the direct sum is de-
fined as:
A⊕B =
[
A 0
0 B
]
. (1)
The dimension of the Fock space is given by:
NLF =
L∑
i=0
L!
(L− i)!i! = 2
L. (2)
A basis can be generated from a set of single-particle
fermionic operators {aj}Lj=1 for the L modes, satisfying
the canonical anti-commutation relations:
{ai, a†j} = δij , {ai, aj} = 0. (3)
We represent the basis with the short notation,
|a†~j〉 ≡ (a
†
1)
j1(a†2)
j2 ... (a†L)
jL |vac〉, (4)
with ~j = (j1, ..., jL), and ji = 0(1) denoting an empty
(occupied) mode.
By means of the occupation-number representation, the
Fock space can be associated to a Hilbert space of L
qubits with a 2L-dimensional basis, {|j1j2 . . . jL〉}, where
j` is 0 or 1 for unoccupied or occupied modes, respec-
tively.
Formally, these two equivalent representations are re-
lated by the following isomorphism Λ:
Λ : FL ←→ H21 ⊗ · · · ⊗ H2L (5)
|a†~j〉 ≡ (a
†
1)
j1 ... (a†L)
jL |vac〉 ←→ |j1〉 ⊗ ...⊗ |jL〉 ≡ |~j〉,
which maps the Fock space into the space of L distin-
guishable modes (qubits in the fermionic case). We will
denote hereafter as “configuration representation (modes
representation)” the left (right) side of the previous equa-
tion. Notice that, in principle, the basis {aj}Lj=1 of
fermionic operators is arbitrarily chosen, and the previ-
ous isomorphism is completely dependent on it. There-
fore different modes representations can be obtained by
means of a unitary transformation on the Fock space
U ∈ U(FL), named Bogoliubov transformations,
f˜†k =
∑
j
Ukja
†
j , (6)
where {f˜†k}Lk=1 and {a†j}Lj=1 are single particle fermionic
operators.
III. QUANTUMNESS OF CORRELATIONS
In this section we will first introduce the description
of local measurements on the modes. In this context,
we will introduce a quantifier of quantumness of correla-
tions based on the smallest disturbance created by local
measurements. We will then be ready to present one of
our main results, proving that for quantum states with
a given arbitrary symmetry, the optimal local projective
measurement, i.e., the local projectors which creates the
smallest disturbance in the state, is that which shares the
same symmetry with the quantum state.
Let us first formally define the concept of projective
measurement. Given a general bi-partition of the L
modes as jA/jB , with jB = L − jA, a general set of
local projective measurements {Πˆ(jA)m }m acting on jA is
defined as:
Πˆ(jA)m Πˆ
(jA)
n = δm,nΠˆ
(jA)
m , (7)∑
m
Πˆ(jA)m = I. (8)
The quantum state ρ ∈ D(H2jA ⊗H2jB ), where D de-
notes the set of all positive semi-definite operators, after
such measurement is described as a local dephased state,
3given by:
Π(jA)(ρ) =
∑
m
Πˆ(jA)m ρΠˆ
(jA)
m
=
∑
m
TrjA(Πˆ
(jA)
m ρ) Πˆ
(jA)
m
=
∑
m
p
(jA)
Πm
Πˆ(jA)m ⊗ σ(jB)m , (9)
where
p
(jA)
Πm
= Tr(Πˆ(jA)m ρ), σ
(jB)
m =
1
p
(jA)
Πm
TrjA(Πˆ
(jA)
m ρ),
(10)
with σ
(jB)
m representing the reduced state, which might
be a mixed state, in the complementary jB subspace.
The quantification of quantumness of correlations in
a quantum system can be performed by means of the
smallest disturbance created by a local measurement
[21]. Such disturbance could be quantified as the dis-
tance between the original state and the measured one
[14, 15, 22, 23]. In this way we define the multipartite
relative entropy of quantumness [14, 24]:
Definition 1 (Multipartite Relative Entropy of
Quantumness- MREQ). Given an arbitrary multipar-
tite quantum state ρ ∈ D(H1 ⊗ · · · ⊗ Hn) and a set
Σ ⊆ {1, 2, . . . , n}, the Multipartite Relative Entropy of
Quantumness on the subsystems Σ is defined as :
QΣ(ρ) = min
{⊗j∈Σ Π(j)}S
ρ||⊗
j∈Σ
Π(j)(ρ)
 (11)
where Π(j)(ρ) is a local projective measurement map over
the j’th partition of ρ and S(ρ||σ) = −S(ρ)−Tr(ρ log σ)
is the relative entropy between ρ and σ, with S(ρ) the von
Neumann entropy.
Considering a bi-partition on the modes, ρ ∈ D(HA ⊗
HB), and restricting the set Σ = A, the relative entropy
is the quantifier of quantumness of correlations corre-
sponding to the One-Way Work Deficit [24]:
Q(A)(ρ) = min
{ΠA}
S(ρ||ΠA(ρ))
= min
{ΠA}
[
S(ΠA(ρ))− S(ρ)]. (12)
The computation of the above quantifiers is not a triv-
ial task, in general, due to the minimization over all lo-
cal projective measurements. The solution of the above
minimization might not even be unique; however, by def-
inition, it is always a set of rank-1 local projectors [25].
One could try to use some information of the quantum
state under analysis in order to solve the optimization,
or at least to restrict the search of the optimal projec-
tive measurement to a subset. In the context of ensemble
of quantum states generated by a symmetric group, it is
known that the POVM which optimizes the accessible in-
formation is also created by the symmetric group [26]. It
is analogous to the quantum state discrimination prob-
lem, where the concerned states and the optimal POVM
have the same symmetry [27, 28]. In Ref.[29], it is shown
that, under the action of a symmetric group in the prob-
ability space, the extremal covariant POVMs are in one-
to-one correspondence to the convex set of block diagonal
operators on the Hilbert space. Therefore symmetries
can be written as degenerated observables. Following
this approach, we will show here that, in the context of
quantumness of correlations, if the quantum state has a
given symmetry, the minimization task can be performed
restricted to symmetric projective measurements. This
simplification follows from the following Lemma.
Lemma 1. Consider a symmetry Θˆ ∈ L(H1⊕· · ·⊕HN ),
where L(· · · ) denotes the set of linear operators, θj are
the eigenvalues of the symmetry and Hj their corre-
sponding block diagonal subspace. Given a quantum state
ρ ∈ D(Hj = HAj ⊗HBj ), i.e., a quantum state with non
trivial projection onto a single eigenvalue of the symme-
try, there exists a set of symmetric local projective mea-
surements {Pˆ (A)` }` that is a solution of the One-Way
Work Deficit - Eq.(12). This projective measurement
acts locally on the A bi-partition, either preserving the
state symmetry, Pˆ
(A)
` ρPˆ
(A)
` ∈ D(Hj), or annihilating the
state, Pˆ
(A)
` ρPˆ
(A)
` = 0, in case the symmetry subspace de-
fined by Pˆ
(A)
` is orthogonal to the state symmetry.
According to the Lemma, the set of symmetric pro-
jective measurements creates the smallest disturbance
in the symmetric state. It explores the block diagonal
structure of the symmetry, in the sense that an optimal
symmetric projective measurement must preserve such
structure. Consequently we have a great simplification of
the optimization problem in the computation of the rel-
ative entropy of quantumness. As we will discuss in the
next section, for some symmetries and modes partitions,
there exists a unique projective measurement satisfying
the Lemma conditions, thus allowing us to compute the
quantumness analytically. The proof for the Lemma 1 is
given in the Appendix.
Example. Let us present a simple example illustrating
the previous discussion. Assume a bipartite distinguish-
able system (A−B) in a state with the following Schmidt
decomposition:
|ψ〉 =
r∑
i=1
√
pi|ai〉|bi〉. (13)
If {|ai〉} is an orthonormal basis in the Hilbert space of a
qubit, while {|bi〉} is an orthonormal basis for a Hilbert
space of arbitrary finite dimension, then r is at most 2.
Consider a local projective measurement in the Schmidt
basis,
ΠA1 = |a1〉〈a1| ⊗ IB , ΠˆA2 = |a2〉〈a2| ⊗ IB . (14)
4Then we have:
ΠA(ρ) = ΠˆA1 ρΠˆ
A
1 + Πˆ
A
2 ρΠˆ
A
2
= p1|a1b1〉〈a1b1|+ (1− p1)|a2b2〉〈a2b2| (15)
with
〈ψ|(|a1〉〈a1| ⊗ IB)|ψ〉 = p1 (16)
〈ψ|(|a2〉〈a2| ⊗ IB)|ψ〉 = (1− p1) (17)
and the relative entropy for such local measurement is
given by,
S(ρ||ΠA(ρ)) = h(p1) = −p1 log p1 − (1− p1) log(1− p1).
Thus we have determined the entropy of entanglement of
this system (E(ρ) = S(ρA) = h(p1), with ρA = TrB(ρ))
by means of local projective measurements. A lesson
here is that it would be easy to measure entanglement
if we knew the Schmidt basis. Let us check what bound
we would obtain measuring in an arbitrary local basis,
namely:
|a˜i〉 = α1i|a1〉+ α2i|a2〉, (18)
〈a˜i|a˜j〉 = δij ,
that is,
|a˜i〉 = U |ai〉, (19)
where U is an arbitrary unitary transformation. Now, if
we perform a local projective measurement in the basis
{|a˜i〉}, we obtain:
p˜1 = 〈ψ|(|a˜1〉〈a˜1| ⊗ IB)|ψ〉, (20)
p˜1 = |α11|2p1 + |α21|2(1− p1).
As the binary entropy is a concave function, we have:
h(p˜1) ≥ |α11|2h(p1) + |α21|2h(1− p1), (21)
⇒ h(p˜1) ≥ h(p1).
Therefore, a measurement in an arbitrary basis gives us
an upper bound for the relative entropy, and we could
obtain the quantumness of correlations - One-Way Work
Deficit - by a minimization over all different bases:
QA(ψ) = min
U
h(p˜1). (22)
Now we will proceed to the case of a system of indis-
tinguishable fermions, and discuss how some symmetries
of the quantum state can be useful in determining the
optimal local measurements for the relative entropy.
We shall discuss the case of states with definite parity.
Consider the following projectors onto a single particle
mode:
Πˆj = a
†
jaj , Πˆj¯ = aja
†
j , Πˆj + Πˆj¯ = 1. (23)
Now an arbitrary Fock state with definite parity can
be written as:
|ψ〉 = Πˆj |ψ〉+ Πˆj¯ |ψ〉 = √pj |ψj〉+√pj¯
∣∣ψj¯〉, (24)
where we have defined the following state:
|ψj〉 = Πˆj |ψ〉√
pj
, pj = 〈ψ|Πˆj |ψ〉, (25)
and analogously for
∣∣ψj¯〉. These projectors (Eq.23) define
a bi-partition in the Fock space and directly determine
the Schmidt decomposition for the state. |ψj〉 is in the
subspace where the mode j is occupied, whereas
∣∣ψj¯〉 is
in the complementary subspace.
Recalling the previous discussion for general states
(Eq.(13)), we easily conclude that the local measurement
from these projectors determine the quantumness of cor-
relations - One-Way Work Deficit - for the state. No-
tice that the measurement preserves the symmetry of the
state, according to the Lemma, and the above rationale
is valid for arbitrary states with parity symmetry.
IV. EQUIVALENCE BETWEEN
QUANTUMNESS OF CORRELATIONS OF
MODES AND PARTICLES
In this section we will discuss the implication of Lemma
1 in the context of quantum states with fixed parity sym-
metry. In particular, we show that the notion of Quan-
tumness between Indistinguishable Particles can be re-
covered from quantumness between modes, by analyz-
ing the minimum of the Multipartite Relative Entropy of
Quantumness over certain choices of modes multiparti-
tions.
Since the quantumness of correlations is implicitly re-
lated to local measurements on composite systems, the
characterization, or even a proper definition, of the quan-
tumness of correlations between indistinguishable parti-
cles is a much subtler task. In such systems particles
are no longer accessible individually, thus eliminating the
usual notions of separability and local measurements. In
Ref.[16], the authors define such a notion of quantum-
ness of correlations between indistinguishable particles
by means of the activation protocol, which relates the
correlations to the smallest amount of entanglement cre-
ated between system and apparatus during a single par-
ticle measurement. As system and apparatus are always
distinguishable, the quantumness of correlations of a in-
distinguishable system can be obtained from usual dis-
tinguishable quantities.
Let us recall the measure of quantumness of correla-
tions as proposed in Ref.[16]:
Definition 2 (Quantumness of correlations be-
tween indistinguishable particles). Considering a
system of particles described by the density matrix ρ ∈
5D(FL), the quantumness of correlations between the in-
distinguishable particles is defined by means of the rela-
tive entropy, as follows [38]:
Q∅p(ρ) = min
V ∈U(FL)
S(ρ||ΠˆV (ρ)), (26)
where
ΠˆV (ρ) =
∑
{~`}
〈a~`|V †ρV |a~`〉 |a~`〉〈a~`|, (27)
with {∣∣a~`〉} being a single Slater determinant basis, as
defined in Eq.(4), and V a unitary transformation on
Fock space, as defined in Eq.(6).
An important consequence of the Lemma follows for
quantum states with fixed parity symmetry. Consider-
ing a bi-partition of the modes between a single-particle
mode “aj” with the rest of the system, the set of rank-1
local projective measurements onto such mode, preserv-
ing the symmetry of the state, reduces to a single possible
set (and thus a solution for the One-Way Work Deficit):
Πˆjmin =
{
Πˆj0 = aja
†
j , Πˆ
j
1 = a
†
jaj
}
. (28)
In the case of a multi-partition of the system in L sub-
systems, with each one corresponding to a single-particle
mode aj , the set of rank-1 local projective measurements
onto such subsystems, preserving the symmetry of the
state, reduces to:
Πˆ1 2...Lmin =
{
Πˆ1` ⊗ Πˆ2` ⊗ · · · ⊗ ΠˆL`
}
, (` = 0, 1), (29)
and thus represents the constrained set solution for the
MREQ.
With the previous considerations, we are now ready
to present one of the most important results of this
work. We relate the notion of quantumness of correla-
tions between indistinguishable particles to the MREQ
minimized over all possible single-particle modes parti-
tions.
Theorem 1. Given a system with L modes, described
by the state ρ ∈ D(H21 ⊗ · · · ⊗H2L) with fixed parity sym-
metry (cf Lemma), the minimization of the Multipartite
Relative Entropy of Quantumness, over all single-particle
representations “{a}”, is equal to the Quantumness of
correlations between indistinguishable particles:
Q∅p(ρ) = min{a} Q
1,...,L
a (ρ), (30)
where a : FL ↔ H2⊗L represents the isomorphism be-
tween Fock and modes space (Eq.(5)), and 1, . . . , L indi-
cates that the measurement is performed locally over all
modes.
Proof. Given the relative entropy of quantumness for the
modes, perform a measurement over all of them locally,
in a representation Λ:
Q1,...,La (ρ) = min
Πa
S(ρ‖Πa(ρ)) = S(ρ‖Πa(ρ)),
where Πa(ρ) is the local measurement map over all modes
in the representation a. By means of Lemma 1, the min-
imization over all projective measurements in this rep-
resentation is restricted to only one projective measure-
ment map Πa. The projective measurement map acts on
ρ as:
Πa(ρ) = Πˆa1 ⊗ · · · ⊗ ΠˆaL(ρ)
=
∑
~l
Πˆ~lρΠˆ~l
=
∑
~l
∣∣a~`〉〈a~`∣∣ρ∣∣a~`〉〈a~`∣∣,
where
∣∣a~`〉 = a~l|vac〉 = al1†1 · · · alL†L |vac〉. The transfor-
mation from the representation Λ to another Λ′ can be
performed by means of a Bogoliubov transformation V ,
thus:
f†~l = V a
†
~l
,
where V is a unitary operation on the particles. There-
fore minimizing the quantumness of modes over all rep-
resentations amounts to minimize it over all Bogoliubov
transformations V :
min
Πa
S(ρ‖Πa(ρ)) = min
V
S(ρ‖ΠV (ρ)),
where
ΠV (ρ) =
∑
l
〈
a~`
∣∣V †ρV ∣∣a~`〉∣∣a~`〉〈a~`∣∣,
which results in the measure of quantumness of correla-
tions defined in Eq.26.
Theorem 1 determines a new approach for the quan-
tification of correlations between indistinguishable par-
ticles. Motivated by this result, it would be interesting
to study the minimum of the single-mode correlations,
described by the One-Way Work Deficit in Eq.(12), over
all possible single-particle representations. Recently, Gi-
gena and Rossignoli explored this idea in entangled pure
states with parity symmetry [30], and also investigated
the one-body information loss [31]. By means of Lemma
1, one can see that these two notions are indeed the one-
way work deficit for fermions, as we describe below. A
direct implication of Lemma 1 is the analytical compu-
tation of the One-Way Work Deficit for a single-particle
mode:
Qja(ρ) = S
(
a†jajρa
†
jaj + aja
†
jρaja
†
j
)
− S(ρ), (31)
where now we write Qja ≡ Q(j), in order to make clear
that we deal with the quantumness of correlations of a
single-particle mode aj . In particular, if the quantum
state is pure (|ψ〉), the One-Way Work Deficit is given
by,
Qja(|ψ〉) = H
(
〈a†jaj〉, 〈aja†j〉
)
. (32)
6Summing the single-particle correlation of all modes,∑L
j=1Q
j
a(ρ), gives us the correlation in this particular
basis of modes, with minimum correlation in its single-
particle modes, defining in this way the One-Body Quan-
tumness of Correlations:
Qsp(ρ) = min{a}
 L∑
j=1
Qja(ρ)
. (33)
As the quantifier in Eq.(12), the One-Body Quantum-
ness of Correlations is obtained by means of a quanti-
fier of quantumness of correlations based on the tensor
product construction of distinguishable systems. This is
of paramount importance, for it circumvents any con-
troversy about correlations in Fock space. As discussed
above, for single-particle modes partitioning there exists
only one projector that minimizes the local disturbance
for symmetric states, then it is simple to show the equiva-
lence of the quantumness of correlations defined via one-
way work deficit in Eq.(12), and the entanglement mea-
sure proposed in Ref.[30] for pure states.
Theorem 2. For a pure state |ψ〉 ∈ H2 ⊗ H2(L−1), the
one-body quantumness of correlations and the one-body
entanglement are given by:
Ssp(|ψ〉) = Qsp(|ψ〉) = min{a}
 L∑
j=1
Qja(|ψ〉)
, (34)
where Esp is the entropy of entanglement for pure states
of particles, as proposed in Ref.[30].
Proof. Considering the optimal projective measurement
described by the map Πaj with projectors {aja†j , a†jaj},
the quantumness of correlations in this mode representa-
tion is:
Qasp(|ψ〉) ≡
∑
j
Qja(|ψ〉) =
∑
j
S(Πaj (|ψ〉)),
where Πaj (ψ) = 〈a†jaj〉|φo〉〈φo| + 〈aja†j〉|φe〉〈φe| is a pro-
jective measurement described in Eq.(28). As this mea-
surement is composed by rank-1 projectors, the states
|φo〉 and |φe〉 are orthogonal, therefore:
Qasp(|ψ〉) =
∑
j
H(〈a†jaj〉, 〈aja†j〉). (35)
Taking the minimization over all isomorphisms a : FL ↔
H2⊗L, we obtain
min
a
Qasp(|ψ〉) = min
a
∑
j
H(〈a†jaj〉, 〈aja†j〉) = Ssp(|ψ〉),
where Ssp is the von Neumann entropy of the single par-
ticles, as discussed in Ref.[30], and quantifies the entan-
glement and quantumness of correlations of the single
particles.
We defined previously two different quantifiers for the
quantumness of correlations, namely, Qsp(ρ) and Q∅p(ρ).
It is now important to show the interplay between these
two quantifiers. Indeed this can be obtained using simple
tools of the quantum information formalism.
Theorem 3. For a state ρ ∈ D(FL), the zero-way work
deficit for identical particles Q∅p is upper bounded by the
one-body quantumness of correlations Qsp(ρ):
Q∅p(ρ) ≤ Qsp(ρ). (36)
Proof. Consider the density matrix ρ, represented in the
single particle basis {akjj }Lj=1:
ρ =
∑
~k,~k′
ω~k,~k′a
k1†
1 · · · akL†L |vac〉〈vac|ak
′
1
1 · · · ak
′
L
L , (37)
where ~k = (k1, . . . , kL). We can define the set of projec-
tive measurements {Πˆ~k} such that:
Πˆ~k = a
k1†
1 · · · akL†L |vac〉〈vac|akLL · · · ak11
=
∣∣a~k〉〈a~k∣∣,
where
∣∣a~k〉 = ak1†1 · · · akL†L |vac〉. Now perform the local
dephasing on the state:
Π(ρ) =
∑
~l
Πˆ~lρΠˆ~l (38)
=
∑
~l
Tr
(∣∣a~`〉〈a~`∣∣ρ)∣∣a~`〉〈a~`∣∣. (39)
Let p(~l) = Tr
(∣∣a~`〉〈a~`∣∣ρ) be the probability to find the
modes occupied in ~l = (l1, l2, . . . , lL) configuration, for
lj = {0, 1}. The relative entropy of ρ and Π(ρ) is:
S(ρ||Π(ρ)) = S(Π(ρ))− S(ρ) (40)
= H{p(~l)} − S(ρ), (41)
where H{p(~l)} is the Shannon joint entropy of the prob-
abilities p(~l) = p(l1, l2, ..., lL).
Now let us obtain a relation between joint entropy and
the Shannon entropy. With the chain rule of the joint
entropy for n random variables X1, . . . , Xn:
H(X1, . . . , Xn) =
n∑
i=1
H(Xi|X1, . . . , Xi−1), (42)
and the positivity of the conditional mutual information:
I(Xi|X1, . . . , Xi1) = H(Xi)−H(Xi|X1, . . . , Xi1) ≥ 0,
(43)
we have:
H(X1, . . . , Xn) ≤
n∑
i=1
H(Xi). (44)
7Then from Eq.(41) we obtain:
S(ρ||Π(ρ)) ≤
L∑
j=1
H(pj)− S(ρ) (45)
≤
L∑
j=1
S(j)(ρ||Π(ρ)), (46)
where H{pj} = −pj0 log pj0 − pj1 log pj1, and pj1(pj0) is the
probability to find a particle(hole) in mode j. In the
second inequality above, we used that: S(Πˆ(j)(ρ)) =
H{pj} +
∑
l p
j
lS(σ
L−j
l ) ≥ H{pj}, in conjunction with
Eq.(31). Therefore, as the last inequality holds for any
projective measurement, it must also hold for the optimal
one, which proves the statement.
This result makes evident the nature of the construc-
tion of these two quantifiers for the quantumness of cor-
relations. Qsp(ρ) is based on the single particle mode
quantumness of correlations, defined in Eq.(31), which
takes into account the average of binary entropies cor-
responding to the occupation of particles/holes in each
mode. On the other hand, Q∅p(ρ) is related to the joint
probability for the occupation of particles/holes in each
mode.
V. ACTIVATION PROTOCOL
In this section, we characterize the class of fermionic
states without quantumness of correlations, by means of
an activation protocol for a system of L modes. We show
that the two notions discussed in the previous section
(Eq.(30) and Eq.(33)) share the same set of states with-
out quantumness of correlations.
A measurement process can be described by a uni-
tary interaction between the measurement apparatus and
the quantum system, followed by a projective measure-
ment on the apparatus. Considering a system in the
state ρS =
∑
k λk|k〉〈k| ∈ D(HS), the global initial
state for system/measurement-apparatus can be written
as ρS:M = ρS⊗|0〉〈0|M . The interaction between the sys-
tem and the apparatus ancillary state will be performed
by a unitary evolution: US:M ∈ U(HS ⊗HM ), such that
TrM [US:MρS:MU
†
S:M ] =
∑
l ΠˆlρSΠˆ
†
l . A unitary opera-
tion satisfying this condition is given by:
US:M |k〉S |0〉M = |k〉S |k〉M , (47)
where {|k〉} is an orthonormal basis in HS . If the orthog-
onal basis {|k〉〈k|} is the canonical one, this interaction
is the Cnot gate. Although this kind of interaction cre-
ates only classical correlations for a global measurement
process, local measurements can create entanglement be-
tween system and measurement apparatus [17, 18]. The
quantumness of correlations of the system can be ob-
tained by means of the minimum amount of entanglement
FIG. 1: (Color online) Activation Protocol for an L-modes
system.
created by the interaction:
QE(ρS) = min
VS
E(ρ˜S:M ), (48)
where VS is a unitary, which sets the measurement ba-
sis. ρ˜S:M = US:M (VS⊗ IM )(ρS⊗|0〉〈0|M )(V †S ⊗ IM )U†S:M
is the result of the interaction. For each entanglement
monotone E, it results in a different quantifier of quan-
tumness of correlations QE(ρS) [16–18, 23].
Fig.1 pictures the activation protocol for an L-modes
system, described by the density matrix ρS ∈ D(H21 ⊗
· · · ⊗H2L), where the unitary operation Vj represents ro-
tation on mode j, and US:M is a Cnot operation with the
system as control and apparatus as target. The output
state in the quantum circuit is:
ρ˜S:M = US:M (VS ⊗ IM )(ρS ⊗ |0〉〈0|M )(V †S ⊗ IM )U†S:M ,
where VS = V1 ⊗ · · · ⊗ VL. The post measurement state,
resulted from the interaction between system and mea-
surement apparatus is:
ρ˜S =
∑
~l
Πˆ~lVSρSV
†
S Πˆ~l, (49)
with Πˆ~l = Πˆl1 ⊗ · · · ⊗ ΠˆlL . As aforementioned, the ac-
tion of the unitary operation VS determines the projec-
tive measurement basis. Therefore, from Lemma 1, the
unitary operation on each mode j must preserve the sym-
metries of the state in order to minimize the local distur-
bance. Thus, for one-body systems with parity symme-
try, there exists only one unitary operation Vj = Ij on
each mode j. Therefore, the post measurement state, for
one-body systems, is simply:
ρ˜S =
∑
~l
Πˆ~lρSΠˆ~l, (50)
with Πˆlj = {a†jaj , aja†j} in a given representation of
modes.
8We will use the approach of activation protocol to
discuss the classically correlated states. As shown in
Ref.[17], a quantum state χ is classically correlated if
and only if there exists a unitary VS such that:
χS = χ˜S =
∑
~l
Πˆ~lVSχSV
†
S Πˆ~l, (51)
which immediately holds for the activation protocol of
L-modes represented in Fig.1. Actually, we can learn
about the set of classically correlated states according
to the one-body quantumness of particles, by means of
the representation of modes. As the set of classically
correlated states of particles satisfies Qsp(χ) = 0, for all
χ in this set, there must exist an isomorphism Λ : FL ↔
H2⊗L of one-body particles such that ∑j Q(j)sp (χ) = 0.
This equality holds if and only if:
Q(j)sp (χ) = 0, ∀ j = 1, · · · , N.
Therefore, for all j, there is a projective measurement
Π(j) such that Π(j)(χ) = χ. Thus a quantum state
χ ∈ D(FL) is classically correlated, if and only if, there
exist projective measurements in each mode Π(1) ⊗ · · · ⊗
Π(L)(χ) = χ, such that
χ =
∑
~l
p(~l)Πˆl1 ⊗ · · · ⊗ ΠˆlL ,
where~l = (l1, . . . , lL) and lj = 0, 1. From the definition of
quantumness of correlations of particles in Eq.(33), and
the isomorphism in Eq.(5), we can write the projectors
as Πˆ~l = a
l1†
1 · · · alL†L |vac〉〈vac|alLL · · · al11 , and Πˆ~l = Πˆl1 ⊗
· · · ⊗ ΠˆlL , therefore the classically correlated states of
particles can be written as:
χ =
∑
~l
p(~l)al1†1 · · · alL†L |vac〉〈vac|alLL · · · al11 . (52)
This results is in agreement with the set of classically
correlated states obtained in Ref.[16], by means of the
activation protocol [17, 18], for the zero way work deficit
introduced in Eq.(26). As a matter of fact, as the set of
classically correlated states of particles is independent of
the isomorphism, we can write:
Q∅p(χ) = Qsp(χ) = 0. (53)
It is important to note that the classicality of correlations
of particles, for a given state, does not imply in a clas-
sically correlated state for a given mode representation.
In other words, the system of particles can be classically
correlated, whereas there exist modes that are quantum
correlated. The requirement, for the particles be classi-
cally correlated, in Eq.(33) is the existence of at least one
representation Λ : FL ↔ H2⊗L such that the modes are
classically correlated [32].
VI. DISSIPATIVE SYSTEM
In this section, we study a physical system and its
quantumness of correlations in order to illustrate the pre-
vious discussions. We investigate a purely dissipative sys-
tem, whose stationary states exhibit interesting topolog-
ical non-local correlations. The motivation for the study
of a dissipative system stems from the fact that its dy-
namics tends to mix the quantum state, allowing us to
study the quantumness of correlations beyond entangle-
ment, since for pure states such notions usually overlap.
Furthermore, we consider a system which conserves the
total number of particles, as we will describe in more de-
tail later, and in this way we can use our previous results
for the quantumness of symmetric states. Let us give a
brief overview of dynamics in open systems and present
the physical setting under scrutiny.
In general, evolutions in dissipative open quantum sys-
tems tend to annihilate the quantum correlations present
in the system, leading to steady states described by triv-
ial mixed states. There are cases, however, in which
the many-body density matrix is driven towards a pure
steady state, ρf = |ψD〉〈ψD|, commonly called as dark
states in quantum optics. Recently, theoretical and ex-
perimental studies [33–36] have focused on how to prop-
erly engineer the environment such that, in the long-time
limit, it drives the system into certain desired quantum
states. In particular, we study here the dissipative num-
ber conserving system as proposed in [33], consisting of
a single, or two-leg ladder, properly coupled to the en-
vironment. It was shown that such setup leads to topo-
logical superconductors as steady states, exhibiting non-
local edge correlation and Majorana zero modes, with
promising applications for topologically protected quan-
tum memory and computing [2].
Let us formally describe the system we will study.
The time evolution of a system coupled to a Markovian
reservoir (memoryless reservoir) is described by a master
equation, cast in the following form,
∂ρ
∂t
= Lˆ[ρ] = −i
[
Hˆ, ρ
]
+ J
∑
j
(
LˆjρLˆ
†
j −
1
2
{
Lˆ†jLˆj , ρ
})
,
(54)
where ρ is the density matrix, Lˆ is the Liouvillian of the
evolution, Hˆ is the Hamiltonian of the system, and Lˆj
are the Lindblad operators. Considering a purely dissi-
pative evolution (Hˆ = 0), possible pure dark states in the
system are mathematically related to zero modes of the
Liouville operator. More precisely, dark states are zero
modes shared by all Lindblad operators:
Lˆj |ψD〉 = 0, ∀j. (55)
Their existence, however, is not always guaranteed. We
study a one-dimensional fermionic system with L sites,
evolved by the following number-conserving Lindblad op-
erators:
Lˆj = (a
†
j + a
†
j+1)(aj − aj+1), (56)
9where a
(†)
j are the fermionic annihilation (creation) op-
erators at the site j, and we consider open boundary
conditions (j = 1, ..., L − 1). In this setting, the dark
states are p-wave superconductors with fixed number of
particles.
Let us focus now in the simpler non-trivial fermionic
system which can present quantum correlations beyond
the mere exchange statistics, i.e., a system with L = 4
sites and N = 2 particles. Even for such a small setting,
the dissipative system is already able to create supercon-
ducting correlations between the particles. Interestingly,
the exact expression for such steady state in real space
was studied not only in the realm of dissipative systems
[33], but also as ground states of a closed Hamiltonian
[37], and is given by the equal weighted superposition of
all possible configurations of its N particles in the L sites;
precisely,
|ψD〉 =
(
a†1a
†
2 + a
†
1a
†
3 + a
†
1a
†
4 + a
†
2a
†
3 + a
†
2a
†
4 + a
†
3a
†
4
)
√
6
|vac〉.
Since the above setting conserves the total number of
particles, we can use our results for the quantumness in
symmetric states. Thus, we study the dynamics for an
initial uncorrelated single-Slater determinant state,
|ψ(t = 0)〉 = a†1a†3|vac〉. (57)
In order to characterize the time evolution described by
the master equation (Eq.(54)), we use the Runge-Kutta
integration. This method entails an error due to inaccu-
racies in the numerical integration, but the full density
matrix is represented without any approximation.
We present our numerical simulation in Fig.(2). At
the early stages of the evolution, the quantum state be-
comes highly mixed, and we already see the creation of
quantumness between its particles. Already in the be-
ginning of the evolution, tJ  1, several excited modes
of the Liouvillian have non-trivial effects in the dynam-
ics, and in this way the observables present fast oscil-
lations in this regime. For longer times, only the first
excited states of the Liouvillian have non-trivial effects
in the evolution, and the dynamical behavior becomes
smoother. We see that the quantum state is driven, ex-
ponentially fast in time, to a pure state with non-trivial
quantumness of correlations, as expected from the pre-
vious discussions. Interesting to notice that the quan-
tumness for the steady state agrees with the entangle-
ment entropy for indistinguishable particles [11], i.e.,
Q∅p(|ψ〉〈ψ|D) = S(|ψ〉〈ψ|D)− lnN .
To exemplify the different nature of the quantumness
of correlations to the entanglement of particles, we also
plot the entanglement dynamics according to some usual
quantifiers in the literature. Precisely, we compare the
quantumness of correlations to the Shifted Negativity [11]
and Concurrence [5]. It it very clear the more general
character of the quantumness of correlation, showing a
richer dynamics for the initial evolution, while there is
0 1 2 30
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FIG. 2: (Color online) Dissipative evolution for a system
with L = 4 sites and N = 2 particles, considering an initially
uncorrelated single-Slater determinant state (Eq.(57)). We
show the time evolution for the quantumness of correlation
of the state (Q∅p), its purity (Tr(ρ2)) and its entanglement
according to the Shifted Negativity [11] and Concurrence [5]
quantifiers.
absolutely no entanglement in the state. We can also
notice that the state has bound entanglement, analogous
to the positive partial transpose (PPT) entangled states
in distinguishable systems, for values of Jt ∈ [0.3, 0.45],
as the negativity is null, besides the concurrence has non
zero values.
VII. LOCAL PROJECTORS STRUCTURE -
NUMERICAL RESULTS
In this section we analyze, numerically, the quantum-
ness of more general symmetric quantum states and their
respective local projectors, as given in Definition 1. Our
motivations here are two-fold: (i) to analyze if there are
other solutions for the local projectors in Lemma 1, i.e.,
solutions which do not share the quantum state symme-
try; (ii) to analyze if Lemma 1 could be extended for
general states with parity symmetry, [ρ, (−1)Nˆ ] = 0, be-
yond the restriction to a single symmetry eigenvalue.
We focus on a simple bipartite case, formed by a sin-
gle particle mode (1 qubit) and the other L − 1 modes.
In this case, we can parametrize the local projectors in
the single particle mode subspace with only two param-
eters, {φ, θ}. Since the projectors are rank-1, we need
to parametrize only two orthogonal pure states in such
subspace, as follows,
|ψ1(φ, θ)〉 = cos(φ)|0〉+ eiθ sin(φ)|1〉 (58)
|ψ2(φ, θ)〉 = −e−iθ sin(φ)|0〉+ cos(φ)|1〉; (59)
where |1〉 (|0〉) is the state with one (no) fermion oc-
cupying the single particle mode, 0 ≤ φ ≤ pi and
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FIG. 3: (Color online) On the left, we show the probability distribution for the quantumness of correlations in the sampled
space to Epar. We use a sample space of ∼ 105 quantum states. In the middle (on the right) we show the TE(φ, θ) function for
the E
(1)
par (Epar) ensemble.
0 ≤ θ < 2pi. The local projectors are thus defined as
Π
(φ,θ)
1(2) =
∣∣ψ1(2)(φ, θ)〉〈ψ1(2)(φ, θ)∣∣. We define now the
function TE(φ, θ) for such projectors as,
TE(φ, θ) =
∫
ρ∈E
{
S(ρ||Π(φ,θ)[ρ])−Q∅p(ρ)
}
dρ, (60)
where Π(φ,θ)[ρ] = Πˆφ,θ1 ρΠˆ
φ,θ
1 + Πˆ
φ,θ
2 ρΠˆ
φ,θ
2 , and the inte-
gral is taken over an ensemble E of quantum states. The
above function gives us a notion of an effective perturba-
tion - in comparison to the minimum one - of the local
projectors onto the corresponding ensemble E.
We consider an ensemble Epar with parity symmetry,
[ρ, (−1)Nˆ ] = 0, ∀ρ ∈ Epar, and a subset E(1)par thereof,
whose quantum states have a single eigenvalue of the par-
ity symmetry. This latter case - E
(1)
par - corresponds to the
conditions of Lemma 1.
The integration of Eq.(60) is performed over a sam-
ple of quantum states (∼ 105 states) approximating the
corresponding ensemble. The sample is chosen accord-
ing to the Haar measure. On the left of Fig.(3), we plot
the probability distribution for the quantumness of cor-
relations of the sampled space corresponding to the Epar
ensemble.
Let us now analyze the TE(φ, θ) function for the E
(1)
par
and Epar ensembles. In the former case (middle of
Fig.(3)) we obtained that T (φ, θ) = 0 ⇐⇒ φ = 0, pi/2
(we omit here φ > pi/2 for symmetry reasons), which
corresponds to the projectors with the shared symmetry,
as expected from our Lemma. It was also observed in
our simulations that S(ρ||Π(φ,θ)[ρ]) − Q(ρ) = 0 ⇐⇒
φ = 0, pi/2, confirming that the only optimal projectors
are indeed those of the Lemma. On the right of Fig.(3),
we show our results for the more general ensemble Epar.
We see now that the Lemma cannot be extended for such
ensemble. We also see that there is no set of symmetric
local projectors minimizing the local disturbance. The
analysis of the quantumness of correlations in these cases
demands a more careful treatment.
VIII. CONCLUSION
In this work we proposed a new description for the
quantification of quantumness of correlations in fermionic
systems. We proved in Lemma 1 that the symmetries of
a state can improve the optimization of the local distur-
bance, once that the optimal local projective measure-
ment is also symmetric. As discussed, it holds for sym-
metric states with a single eigenvalue of the symmetry
operator. Numerical evidences suggest the uniqueness of
the symmetric solution for the minimal local disturbance,
as well as the impossibility of extending the Lemma 1 for
states with multiple eigenvalues of the symmetry opera-
tor. In Theorem 1, we restrict our discussion for states
with parity symmetry, showing that the minimization of
the multipartite relative entropy of quantumness reduces
to the notion of quantumness of correlations of indistin-
guishable particles. By means of the activation protocol,
we have also characterized the class of fermionic states
without quantumness of correlations. We illustrated our
results with the dynamics of quantumness of correlations
for a purely dissipative system of two particles and four
sites. Our results shed new light and give fresh perspec-
tives on the characterization and quantification of quan-
tum correlations in fermionic systems.
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Appendix - Proof of Lemma 1
Proof. Consider a symmetry Θ with N degenerate eigen-
values {θj}Nj=1. In its eigenbasis, it can be written as:
Θ =
θˆ1 · · · 00 . . . 0
0 · · · θˆN
, (61)
where θˆj are nj × nj matrices, with nj being the de-
generacy of eigenvalue θj . The observable Θ acts on a
D-dimensional Hilbert space HD, where D = ∑Nj=1 nj .
A given state ρj has a symmetry over an eigenvalue θj
if [ρj , θˆj ] = 0. Therefore, a system described by a density
matrix ρS ∈ D(HS) has the symmetry Θ, if the density
matrix can be written as a convex combination of the set
of ρj for all eigenvalues θj , namely:
ρS =
∑
j
qjρj .
Thus there exists an isometry VX : HS → HS ⊗ HX ,
which acts on the eigenbasis of Θ as:
VX |θj(l)〉S = |θj(l)〉S |θj〉X ,
where {|θj(l)〉S}
nj
l=1 are the eigenvectors related to the
eigenvalue θj . HS is the Hilbert space of the system, and
HX is an ancillary space such that dim(HS)×dim(HX) =
D. Therefore, the action of the isometry over the sym-
metric density matrix ρS is:
ρSX = VXρSV
†
X =
∑
j
qjρ
S
j ⊗ |θj〉〈θj |X ,
which is a block diagonal matrix, with the blocks labeled
by the eigenvalues of Θ, and consequently [ρSX ,Θ] =
0. The set {|θj〉}Nj=1 is an orthonormal basis on HX .
Each density matrix ρSj acts on the space spanned by the
eigenvectors of the eigenvalue θj .
We separate the projective measurements over a sym-
metric state in two kinds: with and without the symme-
try. To represent these two different measurements we
use the approach of an enlarged state space, described
below. The way that the measurement acts over the
space HX defines if it has or has not the symmetry. A
projective measurement with the symmetry must keep
the block diagonal form of the density matrix, respecting
the label on the eigenvalues of Θ described by the basis
{|θj〉}j on HX . On the other hand, a projective mea-
surement without the symmetry will create overlap with
this same basis, destroying the symmetry and the block
diagonal structure of the density matrix in the enlarged
space. In the case of a modes partitioning, the Hilbert
space of the system is composed as HS = HA ⊗ HB .
Thus to prove the Lemma, we define two local projec-
tive measurement maps: a PθBX that has the symmetry
on Θ, and a map ΠBX without the symmetry. We ob-
tain the proof of the Lemma by showing that the local
disturbance, created on ρABX by PθBX , is smaller than
that crated by ΠBX , for a state with symmetry over one
eigenvalue θj :
S(ρABX ||PθBX(ρABX)) ≤ S(ρABX ||ΠBX(ρABX)). (62)
As PθBX has the symmetry over the eigenvalues of Θ,
it must act on ρABX =
∑
j qjρ
AB
j ⊗ |θj〉〈θj |X inside the
blocks:
PθBX(ρABX) =
q1PB(ρ
AB
1 ) · · · 0
0
. . . 0
0 · · · qNPB(ρABN )
, (63)
where PB(ρABj ) is a local projective measurement over
subsystem B. For the projective measurement to satisfy
Eq.(63), the projectors must be in the form:
Pb,x = P
B
b ⊗ |θx〉〈θx|X .
Then its action over ρABX respects:
PθBX(ρABX) =
∑
j
qjPB(ρABj )⊗ θjX ,
where PB(ρABj ) is a local projective measurement map
over subsystem B, with projectors {Pb}, as presented in
Eq.(9). For the disturbance created by this measurement,
we can write:
S(ρABX ||PθBX(ρABX)) =
∑
j
qjS(ρ
AB
j ||PB(ρABj )),
once that S(
∑
x px|x〉〈x| ⊗ ρx||
∑
x px|x〉〈x| ⊗ σx) =∑
x pxS(ρx||σx). On the other hand, the projective mea-
surement ΠBX creates an overlap on the orthonormal
basis {|θj〉}. It must act over space B and X locally,
without creating correlations between them, however cre-
ating overlap between the basis |θj〉 and another basis in
HX . We have:
Πb,x = Πb ⊗ |x〉〈x|X , (64)
for {|x〉} an orthonormal basis in HX , thus the action of
the map can be written as:
ΠBX(ρABX) =
∑
j
qj
∑
x
p(x|j)ΠB(ρABj )⊗ |x〉〈x|X ,
where p(x|j) = |〈x|θj〉|2 represents the overlap between
the eigenstates of Θ under the action of the projective
measurement. As the relative entropy decreases under
the partial trace operation, then tracing over subsystem
X, the local disturbance created by ΠBX satisfies:
S(ρABX ||ΠBX(ρABX)) ≥ S(
∑
j
qjρ
AB
j ||
∑
j
qjΠB(ρ
AB
j )),
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with
∑
x p(x|j) = 1 and TrX(ρABX) =
∑
j qjρ
AB
j .
Therefore, considering a bipartite state ρABl with sym-
metry in only one eigenvalue θl of Θ, there exists just
one term in the sum
∑
j qjδj,l = ql = 1, which implies
ρABX = ρ
AB
l ⊗ |θl〉〈θl|X , and the disturbances satisfy:
S(ρABX ||PθBX(ρABX)) = S(ρABl ||PB(ρABl )), (65)
and
S(ρABX ||ΠBX(ρABX)) ≥ S(ρABl ||ΠB(ρABl )). (66)
The optimization in the one-way work deficit is taken
over all projective measurements that act over subspace
B. Therefore, as ΠB(ρ
AB
l ) and PB(ρABl ) are restricted
by the symmetry to act on this same space, and the state
has null projection on any other subspace of the symme-
try, the smallest local disturbance created by these two
projective measurement can attain the same value:
min
PB
S(ρABl ||PB(ρABl )) = min
ΠB
S(ρABl ||ΠB(ρABl )).
Finally,by Eq.(65) and Eq.(66), we obtain:
S(ρABX ||PθBX(ρABX)) ≤ S(ρABX ||ΠBX(ρABX)),
which means that local projective measurements, with
the symmetry of the state, create less disturbance than
local projective measurements without the symmetry,
proving the Lemma.
Besides the proof was performed for bipartite systems,
it also holds for multipartite systems, simply generalizing
the projective measurements over partition B to multi-
partite projectors.
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